method is similar to the time-domain technique used by Karlsson and Rikte for timeinvariant materials [7] . The early time-behavior of the signal can be obtained much easier by using the Sommerfeld approximation than by solving the one-way integrodierential equation for the propagating eld. A numerical example illustrating the theory is given; specically, a Lorentz model with a time-varying plasma frequency is discussed.
The problem is formulated in Section 2. In Section 3, the dispersive wave splitting is introduced and the intrinsic properties of the medium are dened. The properties of the one-way wave equations are presented in Section 4. Sommerfeld forerunners are discussed in Section 5.
2
Basic equations
Throughout the article, Cartesian coordinates O(x, y, z) are used. The radius vector is written r = u x x + u y y + u z z, where u x , u y , and u z are the basis vectors in the x−direction, y−direction, and z−direction, respectively. Time is denoted by t.
The electric and magnetic eld intensities at (r, t) are denoted by E(r, t) and H(r, t), respectively, and the corresponding ux densities are D(r, t) and B(r, t). Each eld vector is written in the form E = u x E x (r, t) + u y E y (r, t) + u z E z (r, t).
The speed of light in vacuum is c and the intrinsic impedance of vacuum η. The Dirac delta measure is denoted by δ(t) and the Heaviside step function by H(t).
The Maxwell equations govern the dynamics of the elds in macroscopic media:
∇ × E(r, t) = −∂ t B(r, t), ∇ × H(r, t) = J (r, t) + ∂ t D(r, t),
where J (r, t) denotes the imposed current density and the current density J σ (r, t) = σ(t)E(r, t), due to a nite conductivity, σ(t), has been included in the displacement current density, ∂ t D(r, t). This conductivity may vary with time.
The constitutive relations of a linear, homogeneous, and isotropic medium are
where
are the relative permittivity operator and the relative permeability operator, respectively. The electric and magnetic optical responses, r (t) ≥ 1 and µ r (t) ≥ 1, respectively, are assumed to be suciently regular (e.g., bounded and smooth) functions. Temporal dispersion and causality are modeled by integrals in time:
where the electric and magnetic susceptibility kernels, χ e (t, t ) and χ m (t, t ), respectively, are functions of two time-variables, namely, the observation time, t, and the excitation time, t . The susceptibility kernels vanish for t < t , and are assumed to be suciently regular (e.g., bounded and smooth) functions of both variables for t > t . This implies causality: the wave-front of any nonpathological traveling plane wave propagates through the dispersive material with the speed c
For time-invariant materials, r (t) and µ r (t) are independent of time and the susceptibility kernels dependent of one time-variable only: χ e (t, t ) = χ e (t − t ) and χ m (t, t ) = χ m (t − t ). A non-dispersive medium is characterized by r (t), µ r (t), χ e (t, t ) = cησ(t )H(t−t ), and χ m (t, t ) = 0. Nonmagnetic materials satisfy M r = 1. The simplest radiation problem for the unbounded temporally dispersive dielectric medium with the constitutive relations (2.1) is to calculate the electromagnetic response to a transverse current source distribution:
Such an initially quiescent and suciently regular source distribution supports transverse electric and magnetic (TEM) waves:
Concentrated sources terms on the form J (z, t) = δ(z − z 0 )j(t), where j(t) is regular surface current density, arise at normal incidence at plane interfaces and such distributions are allowed as well. Subjected to TEM waves, the Maxwell equations reduce to
Dispersive wave splitting
The Maxwell equations (2.3) couple the electric eld and the magnetic eld in the dispersive medium locally in space and nonlocally in time. In this section, the Maxwell equations are transformed into two uncoupled rst-order integro-dierential equations via a dispersive wave splitting. To this end, three temporal integral operators of the form (2.2) are introduced, namely, the index of refraction, the relative intrinsic admittance, and the relative intrinsic impedance. These operators are the intrinsic characteristics of the nonstationary medium as far as wave propagation is concerned. The obtained uncoupled rst-order equations the dynamical equations are analyzed in the proceeding sections. A wave splitting is a change of the dependent vector eld variables, E(z, t) and H(z, t), such that the new eld variables, E ± (z, t), represent the up-going waves and the down-going waves in the medium, respectively. The split vector eld variables of the nonstationary medium are dened by
where the temporal integral operator
is the relative intrinsic admittance. This operator, which is independent of the sources and depend on the permittivity and the permeability operators only, is dened precisely later in this section. The denition is such that Y r inherits the properties of E r and M r . In particular, the optical contribution, y r (t), depends on r (t) and µ r (t) only, and the admittance kernel, Y (t, t ), is regular for t > t and vanishes for t < t . For time-invariant materials, y r (t) is independent of time and
The operator Y r is dened such that the Maxwell equations reduce to the rstorder integro-dierential equations
when the wave splitting is applied. The refractive index
and the relative intrinsic impedance
are temporal integral operators to be determined. Since the split vector elds do not couple, E ± (z, t) can be interpreted as the up-going and the down-going electric elds in the medium, respectively. The dispersive wave equations (3.2) are analyzed in Section 4 using the fundamental solutions of the dispersive wave operators
The optical responses of the refractive index and the relative impedance, n(t) and z r (t), respectively, are given explicitly below. The corresponding integral kernels, N (t, t ) and Z(t, t ), are given implicitly in terms of Volterra integral equations of the second kind. These kernels are regular for t > t and vanish for t < t . For timeinvariant materials, n(t) and z r (t) are independent of time, N (t, t ) = N (t − t ), and Z(t, t ) = Z(t − t ).
Straightforward calculations show that the conditions on the operators Y r , N , and Z r for exact wave splitting leading to the dynamical equations (3.2) are
where 1 is the identity operator. Combining these operator equalities gives
In general, these integral operators do not commute; however, by denition, the operators Y r and Z r always commute since they are inverses (resolvents) of one another, see, e.g., Tricomi [9] . For time-invariant media, all the integral operators reduce to convolution operators which are known to commute. Moreover, equations (3.8) and (3.5) can be integrated in this special case:
Observe that Y r = N for nonmagnetic time-varying materials.
It is protable to use the operators Y r , N , and Z r in direct and inverse scattering problems for the slab. In the direct scattering problem, the operators E r and M r are known. Equation (3.8) is used rst to obtain N and then equation (3.6 ) to obtain Y r . Finally, equation (3.7) is used to obtain Z r . Knowing Y r , N , and Z r , the direct scattering problem is relatively easy to analyze. In the inverse scattering problem, it is assumed that N and Z r have been calculated from scattering data. The operators E r and M r are obtained by solving rst equation (3.7) for Y r and thereafter equation (3.9) for M r . Finally, equation (3.5) is employed to obtain E r .
Integral equations
For clarication and for numerical purposes, equations (3.5)(3.9) are now written down explicitly. The kernel of the operator M r ∂ t E r (with optical responses included) is found to be
In this expression, the derivatives are to be interpreted in the sense of distributions:
Analogously, a similar expression can be obtained for the operator N ∂ t N . The most irregular terms in equation (3.8) contain derivatives of the delta distribution.
Comparing these terms gives
where n(t) = r (t)µ r (t). Integrating this equation with respect to t gives a Volterra integral equation of the second kind in the refractive kernel:
where D(t, t ) = {∂ t N (t, t )} denotes the classical derivative of N (t, t ) with respect to t . Letting t t gives the initial condition
This shows that N (t, t ) = 0 also in the absence of memory terms in the constitutive relations (χ e (t, t ) = χ m (t, t ) = 0). In other words, a pure optical response in the refractive operator is not possible unless r (t) and µ r (t) are constant. Equation (3.6) can be written in the form
This is a linear Volterra integral equation of the second kind. Letting t t gives the initial condition
.
Similarly, equation (3.7) can be written as
. This is also a linear Volterra integral equation of the second kind. In particular,
The susceptibility kernels can be expressed in terms of the refractive kernel and the relative admittance and impedance kernels. Integrating equation (3.5) with respect to t gives
Equation (3.9) reduces to
χ m (t, t ) = n(t)Z(t, t ) + z r (t )N (t, t ) + t t N (t, t )Z(t , t ) dt .
One-way wave equations
The rst-order dispersive wave equations (3.2) for the up-going and down-going elds read
where the wave-number kernel, K(t, t ), is the classical time-derivative of the refractive kernel, N (t, t ), divided by c:
The kernel K(t, t ) vanishes for t < t since N (t, t ) has this property. In this section, these scalar dispersive wave equations are analyzed using the method of characteristics.
Characteristics
Temporal dispersion, being a lower-order, however, important eect, do not signicantly aect the propagation of jump discontinuities; therefore, the characteristics of a dispersive equation are dened in the same way as for the non-dispersive equation.
This is the approach of Åberg et al. [4] .
Equation (4.1) shows that the characteristic projections depend on the optical contribution n(t) only. The intensities of jump discontinuities in the split vector elds depend on the initial values of the memory kernel N (t, t ) as well.
Consider the rst-order dispersive wave equation for the up-going eld, and let
be a parametrization of the characteristic projection passing through the point (z, t). This notation is a specialization of the parametrization ζ → τ + (ζ, z, t) employed by Åberg et al. [4] for materials stratied in the z-direction. By denition, τ (0, t) = t.
Moreover, the characteristic projection through the space-time point (z 1 + z 2 , t) passes through (z 1 , τ (z 2 , t)); therefore,
for all z 1 , z 2 , and t.
In particular,
By denition, the characteristic projection through (z, t) satises the ordinary dierential equation
Integration gives
For time-invariant materials, τ (z, t) = t − zn/c. It is now straightforward to show that ∂τ ∂z
These results may be used to derive fundamental solutions of the dispersive wave operators. Now consider the rst-order wave equation for the down-going eld. Due to symmetry
is a parametrization of the characteristic projection passing through the point (z, t). This is a specialization of the parametrization ζ → τ − (ζ, z, t) employed by Åberg et al. [4] for stratied media.
Propagation of discontinuities
Discontinuities in the split vector elds, E ± (z, t), propagate along the characteristic projections. If the current density, J (z, t), is assumed to be regular, the intensity of a propagating jump discontinuity, E ± (z, t) , satises the ordinary dierential equation
The solution of this equation can be written in the form
where wave-front factor, Q(z, t), is regular and satises the ordinary dierential equation
Straightforward integration using equation (4.3) gives
For time-invariant media, this expression reduces to Q(z, t) = exp − z c N (+0) .
Fundamental solutions
In order to solve the dynamical equations (3.2), or, equivalently, equations (4.1), the fundamental solutions of the dispersive wave operators (3.4) are needed. These fundamental solutions are denoted by E ± (z; t, t ), respectively, and satisfy the rstorder dispersive wave equations
where the refractive index is of the form (3.3) and the excitation time, t , is regarded as a parameter. Explicitly, E ± (z; t, t ) satisfy the fundamental equations
E ± (z; t, t ) can be considered as the material response at the point (z, t) due to a concentrated source at (0, t ) (although this is not entirely correct). Since E + (z; t, t ) is up-going and E − (z; t, t ) down-going, the conditions E ± (±z; t, t ) = 0, z < 0 are imposed on the fundamental solutions. These elds are required to be timeretarded (causal) as well:
For time-invariant media, E ± (z; t, t ) = E ± (z; t − t ). Under suitable assumptions, Schwartz' kernel theorem [6, pp. 128-129 ] is applicable, and the solutions of the propagation problems (3.2) can be written as 4) where the source term is
The electric and magnetic elds are obtained from equation (3.1) and electric and magnetic ux densities from the constitutive relations (2.1).
The retarded fundamental solutions are dened in the following theorem:
Theorem 4.1. The distribution
where Q(z, t) is the wave-front factor and the regular propagator kernel, P (z; t, t ), satises the integro-dierential equation
are retarded fundamental solutions (causal Green's functions) of the dispersive rstorder wave operators (3.4), respectively. Thus, P (z; t, t ) = 0 for t < t . Explicitly, the initial condition for the propagator kernel is
Proof. Straightforward dierentiation using equation (4.2) gives
The change of variables t = τ (−|z|, t ) shows that
Substituting these equations into the fundamental equation, matching contributions of the same regularity, and introducing wave-front time yield the desired result. Assuming unique solubility for the integro-dierential equation shows that P (z; t, t ) vanishes for t < t since K(t, t ) vanishes for t < t . Therefore, E ± (z; t, t ) are causal, which nishes the proof. Now consider a concentrated source distributed over the plane z = 0:
The wave splitting (3.1) shows that this current density generates the electric eld
in the plane z = 0. Using this and equation (4.4), the up-going and down-going electric elds can be written as
This is the canonical problem in the study of forerunners. Finally, using wave-front time, the fundamental solutions can be written as E ± (z; τ (−|z|, t), t ) = H(±z)Q(|z|, t ) δ (t − t ) + P (|z|; t, t ) .
The integral operator P(|z|) = Q(|z|, t ) δ (t − t ) + P (|z|; t, t ) * is referred to as the wave propagator. 5 
Sommerfeld forerunners
In this section, expressions for Sommerfeld forerunners are derived in the heuristic sense of [7] . The Sommerfeld forerunner or the rst precursor in a dispersive medium is the early time-behavior of the propagating eld at a distant eld-point shortly after the arrival of the wave-front. In the one-dimensional case, nding this eld is tantamount to obtaining an approximation to the propagator kernel P (z; t + t , t ) for large z > 0 and for small t > 0. In this section, the leading edge behavior of this eld in nonstationary materials is derived. The response is referred to as the Sommerfeld forerunner since it corresponds to Sommerfeld's result for the timeinvariant single-resonance Lorentz medium [8] . The early time-behavior of the eld can be obtained much quicker by using the Sommerfeld approximation instead of solving the integro-dierential equation in (4.1).
For simplicity, assume that r (t) = µ r (t) = 1, χ e (t, t − 0) = χ m (t, t − 0) = 0. The Sommerfeld propagator kernel, P S (z; t+t ; t ), at a xed propagation depth z in a Lorentz material with a periodic plasma frequency in the time interval 0 < t < 200 · z/c and in the excitation time interval 0 < t < z/c.
